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Abstract
The paper computes the optimal control and state of the two-dimensional
Energized wave equation using the Extended Conjugate gradient Method
(ECGM). This piece of work has to do with all the vital computational
elements as derived in the ~ implementation of the ECGM algorithm on the
two-dimensional Energized Wave  equation in (Waziri, 1) and (Waziri &
Reju, LEJPT & LJS, Issues 9, 2006, [7-9]). With these recalls, program
codes were derived which gave various numerical optimal controls and states.
These optimal controls and states were considered at various points in a plane

surface.
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Introduction

The ECGM implementation algorithm for the two-dimensional energized wave
problem is a modified pattern of the CGM algorithm by (Hestenes and Stiefel, 5). The optimal
solutions of the energized wave equation are obtainable by substituting the control operator
from (Waziri et al. 7), the analytical solution from (Waziri et al., 8) and the penalty functional

elements from (Waziri et al. 9) into the CGM implementation frameworks models.

The implementation of the ECGM algorithm

In this optimization computational problem for the two-dimensional energized
equation, the details are in line with CGM framework algorithm developed by (Hestenes et al.
ibid). Since this is a computer based algorithm, the initialization is based on the default of the

computer. The outline details for the implementation runs sequentially in this order:
i, (YD) =2,(%Y,0)+a,;(X,Y,DP,;(X,y,1) 1
U (%Y, =Uy (G Y, D +ay (X Y, 0P (XY, 1) 2
Equations 1 and 2 clearly define the templates for the construction of the optimal state

and control respectively. The «¢,'s appearing are the step lengths that speed up the rate of
convergence, while the p,;and p,;denote the conjugate directions for the state and controls

respectively. The step lengths for the state and control are uniquely defined in these orders:

< guji (Xa yat)a gu,i (X’ y’t) >

a, (X, y,t)= 3
U’J( y ) <Pu,j(xa yat)a Bu,qu,j(X> y:t)>
<0,;(x,y,1),9,;(x,y,t) >
ORI USO8 MESA) .
<Pz,j (Xa yat)a Bz,j (X’ yat)Pz,j (Xa yat) >
The penalized descent direction step lengths are similarly uniquely defined as:
<0, (XY, 10),0,,(XYy,t)>
ﬂu,j(x,y,t): gu,|+1( y )g s 1( y ) 5
<g u,j(x’ y’t)a gu,j (Xa yat) >
<0,i(Xy,0,9,:.,(Xy,t)>
B, X.y.t) = 9,0 (% Y,1),9,, (X, Y,1) 6

<g Z,j(x’ y’t)a gz,j (X7 y’t) >
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The g, ;,, Or g, ;,, simply symbolize the penalized descent direction s with respect to
the control and state.

The gradients of the state and control for the (j+1)" terms are symbolically given as:

O,in Gy, D) =0, (X% Y, D)+ a, (X, Y, 0B, (X, Y, P (X, y,1) 7

Gu,in (6 Y,0 = 0, (% Y, D) + @, i (%, Y,DB, (%, Y, DR (X, ¥,1) 8

The j" iterative descent algorithm for the state and control are:

P ia (6 Y, =0, (6 Y, 0+ B, (X, Y, )P (X, y,1) 9

Puin (6 ¥,0) = =01, (6 Y, 1) + B, (X, ¥, DR, (X, ¥, 1) 10

To make effective computational manipulation of the CGM algorithm as portrayed in
equations 1 through 10 to our problem, we must derive some of the elements of the model.

Thus consider our unconstrained problem for the two-dimensional energized wave equation

from (Waziri 2006a) reproduced hereunder for convenience:

[U*(X,y,t) + 22 (X, y, )] +

S S <
[S EE——

y
min J (z,u, ) = min{
zZ,u zZ,u 0

trellefzix,y,t)  az(x,y,t)
T e

_0%z(xy,0)  %z(x,y,b)
aXZ ayZ

From now onward, the unconstraint equation 11 shall be referred to as J(z, u, W)

—u(x, y,t)[ dtdxdy]} 11

symbolically, its gradients in the control pattern are:

‘]u,i (Z,U,ﬂ) = 2{.?_).(._3.[“2()(’ yat) + Zz(xa yat)] -

tetlo%z(x,y,t) | az(x,y,1)
/'I(X’ y’t)[ . . + : .
e "=
o*z(x,y,t)  2°z(x,y,1) 2
— S — ~=2~—u(x,y,t)| dtdxd 12
= o (X, Y, 1) yl}

The gradient with respect to the state trajectory:

Jui(zu, 1) =2{| | | [u®(x, y,t)dtdxdy 13

O <
O Ly <
(S —
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The penalized descent direction p(X, Y, t) in the control and state are defined as

follows:

y
I:)z,i (Xa y,t) = 2thj Z(X, y,t)dtdxdy 14
0

O S <
(S E——

Pui (X, Y, 1) = 2xyt{

O ey <

ok y.0+ 220y, 01

thazzx 1) dz(x,y,t
e
000
_2'z(% Y1) 2%z(x, Y1)
: >~ —u(x,V,t)| dtdxd 15
e v (x, y,t)|” dtcxdy]}

Now the product of the control operator and the descent direction p;p, are

analytically derived from the control operator in (Waziri et al., 7).

BoiP,; = 43ty ++54x7y 12ty

+30y* +360° X7y +18txP Y’ +6txPy* +tixx’y
FOSEPX7Y? +0x7 X + 18Xy + 18t Xy ? +
18txy + 6xt° —6t° —ot’x*y* +18t°y’

+15t°xy* —6t°xy* —3t>xy —18t*y? —8t*y?

y X
223 324)J'J‘
00

Z,(Xx,y,t)dtdxdy +

o t—

2L['[5xy2 —36tx>y? —18txy” +t*xy + 72t*x*y’

y
yxt

2(1+ y)txyz]_[” z, (X, y,t)ydtdxdy — 6t*x + 2t xy + 2t*y +
000

4 y xt 3
] fu,x v ey +%<1 #0)u, (%.Y.0)
000

3

+%<xy2 £2)U,(%, Y.0) -

Vt+y)

S <

[ 22 %00+
00

Zt (Xa yao) - Zxx (Xa yao) - Zyy (Xa yao) - U(Xa yyO)Hdthdy 16

The descent penalized product with the control operator is
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yxt
B Py = ulty +tx— 2xy]”j Z;(X, y,t0dtdxdy —
000

y X
[+ 6t Xxy” +6txy> Ju, (X, Y, t) + 2Xy (4t + 3)” u; (X, y,t)dtdxdy +
00

S —

y
Lixy[8t — 6 — 2ty] j
0

S S <

t
J.”Ztt (X9 yat) + Zt (X’ yat) -
0

2, (% Y,0) =z, (X y,1) —u(x, y,t)‘dtdxdy 17

The derivations of 16 and 17 were successful after much algebraic manipulations from
the control operator in (Waziri et al., 7). In furtherance of the implementation of the ECGM
algorithm based on the problem at hand (the energized wave equation), these derivation as
acquired from (Waziri et al. 7 and 8) are worthy of note:

u(x, y,t) = ( Zu (0)sin zix sin ziy —
/12 /11 o

u. (0)sin zixsin ziy)e™
ﬂ, 2’1; |t( ) y)

& D" Uy (0)sin zix sin 7iy —

(
2/2 - ﬂ/l i=1

2%l 221 "u; (0) sin 7x sin ziy)e”™

18
A=A T

pa— 2 0
Z(X,y,t)= (;LZ;LIJZUi (0)sin X sin 7y —
A=A 5

7 A ) IZI:UIt (0)sin zix sin ziy)e™

_ u. (0)sin IX sin y —
(22 _ /11 iz=1 |t( ) 7 1y

27w
Ah u,, (0)sinzixsinzy)e™ 19

A=A 5S

A, 7\.2 —2%3 d

z (X,y,t) = (——— > u.(0)sin nix sin 7wiy —
t(y)(xz_klg() y

ZZ =
u. (0)sin zixsin ziy)e™
/l il ; |t( ) y)

37



38

Implementation of the Extended Conjugate Gradient Method for the Two-dimensional Energized Wave equation
Victor Onomza WAZIRI, Sunday Augustus REJU

Y SO
U, (0)sin zix sin 7y —
(ﬂ, ﬂl 2 |t( ) y
3 o
A4 Zu,t(O)mnﬂIXsmmy)e 20
A, =T
AL =20 & D oy
z,(X,y,t) = (—Z:ui (0)sin wix sin 7y — Z:uit (0)sin mix sin wiy)e™" +
}Vz -A i=l 7\'2 _7\‘1 i=l
4 o 4 0
4 U, (0)sin zixsin 7y — Ao 21
22 21 i=1 2'2 _/11 i=1
f— 2 ©
Z,.(X, y,t)=(—i2ﬁ2)[(Mzui(O)Sil’lﬂiXSinﬂiy—
/12 - ﬂ« i=1
0 2 o
Aty (—ZZUit(O)sinﬂiXsinﬂiy -
i=1 ﬂz_ i=1
LA & C
P Z:uit (0)sin zxsin zy)e™ ] 22
2~ M=l

with t = 0, the following initial conditions are not difficult to obtain from equations 18
through to 22:

=24, = L4,

u (x,y,0)=
(.0 = (2 )

)Zu (0) sin zix sin 7y —
i=1

A,
(/1/1

)Z U, (0) sin zix sin 71y

1 i=1

23

A(Ay =24, = 22

Z;(X, y,0)= )ZUH (0) sin 7x sin 7y —
2’2 - /11

A\

(/1/1

)Z:uIt (0) sin 7iX sin 7y 24

. 2 _ 2 o
A =24 -4 Zuit (0)sin 7zix sin 7y
A, =4

i=1

Zyx (X’ y’O) = (_i27z.2)[

/12 A
u.. (0)sin zixsin 7 25
ﬂ/ ﬂl ; |tt( ) y]
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Mdy =20 =22 &

Z,,(%,¥,0) = (=i’7%)[ D", (0)sin 7ixsin 7y
/Iz _ﬂl i=1
/12
Z U, (0)sin zix sin 7y 26
A=A T

Substituting the derivations of equations 18 through to 22 into equations 16 and 17,
the products of the descent directions and the control operator can be obtained. The penalty

functional because of its role in the ECGM is hereby recalled from (Waziri et al., 9):

ﬂi,z (Z,U) =
_ 2 » 00
H(Mzm (0)sin zix sin 7ziy — 4 D U, (0)sin zixsin ziy)e™" +
2'2 _/11 i=1 /12 — M =l
A iu (0)sin zix sin 7y — o, ZU (0)sin zix sin ziy)e™
/1 5" L-A4e"
R L
i? 2){(’1’1 A L > u;(0)sin 7ixsin 7y —
A=A S
00 2 0
M > u, (0)sin mix sin miy)e™* +(L2un (0)sin mix sin miy +
7‘2 _7‘*1 i=1 }\'2 _7& i=1
— 2 »
2[(12712){(%211i (0)sin mix sin miy —
2 M=l
u. (0)sin zix sin ziy)e”
Z /11.21: «(0) iy)
212 © 121 it
Z:uIt (0)sin zix sin 7y — —*—"— ZU (0)sin zix sin 7iy)e™ }]—
ﬂv Zl i=1 /12 /11 i=1
o0 2 o0
M Zu (0)sin mix sin miy)e™'} + {(MZ:ultt (0) sin mix sin mtiy —
}\, >\.1 i=1 }\, _7\' i=l
o0 2
M D" u,, (0)sin ix sin miy)e™ + (—— A Zulm (0)sin mix sin miy —
A, =M D R W
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?»7» ‘”
u.. (0)sin 7ix sin wiy)e™" ——— > u.(0)sin wix sin wiy —
" M;m iy) }(k %;() y
2
u., (0)sin 7ix sin tiy)e™ u.. (0)sin mix sin iy —
" %; +(0) iy)e” kz—klg «(0) y
2 o
4 —22 %" U, (0) sin zix sin 7iy)e”™ 27
ﬂ' 2’1 i=1

Haven derived all the necessary elements for the ECGM implementation algorithm;

program codes are written after all the necessary substitutional processes into the CGM

algorithmic pattern.

The optimal control and state outputs

We make the following observations in summarized tabular form under various

observations of the initial amplitudes and velocity at distinct plane profiles in supposedly

abstractive spatial planes with tolerance (€= 0.0001) by the application of program codes.

Tables 1 and 2 respectively give the general summary of the optimal controls and

states. Each optimal state or control is a minimum value from large data of numerical iterates.

40

The optimal controls at different chosen plane profiles are:

Table 1. The optimal control outputs
Profile Optimal control
u(X’ y’ t)

2 6.527768358707-10~
20 8.628852613291:10°°
30 5.2435629541742-10°°
40 | 5.2493559230290-10°
50 2.3778749100400-10°°
60 1.9370795580080-10°°
70 1.9370315046425-10°°
80 1.9369967833300-10°°

The optimal states spatial plane values at various plane profiles are given in table 2
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Table2. The optimal control outputs

n-strata | Optimal State-z(x,y,t)
2 4.9016613961-10°
20 1.9915249395°10
30 1.1301179301-10°
40 1.1301428582:10°
50 9.9019978309-10°°
60 6.5247634064-10°
70 6.5248045988-10°
80 6.5248354507-10°°

Conclusion

We observe that as the strata profiles in space increase from n = 2 and n = 20, the
optimal state values are relatively stable with just a negligible local error. Between n = 30 and
n = 40, the optimal state and control maintain stability at n = 50 there is a slight jump in
values for the state but a decrease in the control. After these points, the optimal state and

control values at n = 60 and n = 80 remain stable.
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